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Aprendizaje supervisado

Se tiene un conjunto de aprendizaje Xt = {(x1, y1), (x2, y2), . . . , (xm, ym)}
donde

xi ∈ X = A1 × A2 × · · · × An son los datos (objetos, patrones) de
entrada

Aj es el j–ésimo atributo de xi .

yi ∈ Y = {0, 1} es la clase a la que pertenece el dato xi

El aprendizaje supervisado consiste en estimar una regla de decisión
f : X×Θ→ Y, donde Θ es el espacio de parámetros, tal que para un
dato desconocido x , f (x , θ) = ŷ sea una estimación aceptable de y .

¿Que es una estimación aceptable?

¿Cual es la estructura de la regla de decisión?
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Clasificador lineal binario

Si se asume que X ⊂ Rn, un clasificador lineal es

ŷ = sign
(
ωT x + b

)
= sign

(
〈ω, x〉+ b

)
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¿Cual es la mejor separación?
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¿Cual es la mejor separación?

Perceptron:

J(ωe) = ḿın
ωe∈Rn+1

1

m

m∑
i=1

(yi − ŷi )
2

Discriminante lineal

J(ωe) = máx
ω∈Rn+1

ωT
e SBωe

ωT
e SWωe

Maquinas de Vectores de Soporte (SVM):

Maximizar el margen de separación
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Maximización del margen de separación
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Maximización del margen de separación

ωT x+ + b = 1 para todo x+

ωT x− + b = −1 para todo x−

Para cada x− corresponde un x+ tal que x+ = x− + M ω
‖ω‖

ωT x+ + b = 1

ωT (x− + M
ω

‖ω‖) + b = 1

ωT x− + b +
M

‖ω‖ω
Tω = 1

M =
2√
ωTω
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Criterio de optimización para las SVM

Criterio de optimización

J(w , b) = ḿın
ω∈Rn

1

2
ωTω

bajo las restricciones:

(ωT xi + b)yi ≥ 1, para todo i = 1, 2, . . . ,m

El error de clasificación se incorpora al criterio como restricciones

La constante b se calcula después de la optimización
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¿Y si XT no es linealmente separable?

Permitir errores en clasificación

Compromiso entre el máximo margen de separación y los posibles
errores de predicción

Mejora la capacidad de generalización de las SVM

Evita el sobreaprendizaje

Uso de variables de holgura
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Ejemplo de sobreaprendizaje

(a) Training data and an overfitting classifier (b) Applying an overfitting classifier on testing
data

(c) Training data and a better classifier (d) Applying a better classifier on testing data

Figure 1: An overfitting classifier and a better classifier (● and ▲: training data; �
and �: testing data).

grid-search approach.

One is that, psychologically, we may not feel safe to use methods which avoid

doing an exhaustive parameter search by approximations or heuristics. The other

reason is that the computational time required to find good parameters by grid-

search is not much more than that by advanced methods since there are only two

parameters. Furthermore, the grid-search can be easily parallelized because each

(C, γ) is independent. Many of advanced methods are iterative processes, e.g. walking

along a path, which can be hard to parallelize.

Since doing a complete grid-search may still be time-consuming, we recommend

6
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Planteamiento del problema de SVM

Criterio de optimización

J(w , b, ξ) = ḿın
ω∈Rn

1

2
ωTω +

C

m

m∑
i=1

ξi (1)

bajo las restricciones:

(ωT xi + b)yi ≥ 1− ξi ,
ξi ≥ 0,

para todo i = 1, 2, . . . ,m.

Variables de holgura ξ = [ξ1, . . . , ξm]

Es necesario establecer C

Problema de optimización cuadrática con restricciones
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Problema primal

Resolver el problema (1) equivale a encontrar para

LP =
1

2
ωTω +

C

m

m∑
i=1

ξi −
m∑
i=1

(
αi (ω

T xi + b)yi − 1 + ξi ) + βiξi

)
los valores de ω̄, b̄, ξ̄, ᾱ y β̄ tal que para toda ω, b, ξ, α y β

LP(ω̄, b̄, ξ̄, α, β) ≤ LP(ω̄, b̄, ξ̄, ᾱ, β̄) ≤ LP(ω, b, ξ, ᾱ, β̄)

donde αi ≥ 0, βi ≥ 0 son los multiplicadores de Lagrange.
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Condiciones necesarias Karush–Kuhn–Tucker

Para que ω̄, b̄, ξ̄, ᾱ y β̄ sea una solución, es necesario que:

ᾱi (ω̄
T xi + b)yi − 1 + ξi ) = 0, ∀i = 1, . . . ,m,

β̄i ξ̄i = 0, ∀i = 1, . . . ,m,

∂ωLP(ω̄, b̄, ξ̄, ᾱ, β̄) = 0

= ω̄ −
m∑
i=1

ᾱiyixi

∂bLP(ω̄, b̄, ξ̄, ᾱ, β̄) = 0

= −
m∑
i=1

ᾱiyi

∂ξLP(ω̄, b̄, ξ̄, ᾱ, β̄) = 0

=
C

m
−

m∑
i=1

(
ᾱi + β̄i

)
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Problema dual

De las condiciones KKT

ω =
m∑
i=1

αiyixi ,

C

m
= αi + βi , de donde αi ≤

C

m
,

m∑
i=1

αiyi = 0,

se sustituyen en LP para encontar el problema dual

LD(α) =
m∑
i=1

αi −
1

2

m∑
i=1

m∑
j=1

αiαjyiyjx
T
i xj ,

el cual es únicamente un problema de maximización en α.
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Reconocimiento

La regla de decisión del clasificador lineal es

ŷ = sign
(
ωT x + b

)
= sign

( ∑
i∈SV

αiyix
T
i x + b

)
,

donde SV es el conjunto de ı́ndices tales que αi > 0.

Para calcular b numéricamente estable, se considera un promedio del valor
de b los vectores soporte en los cuales ξi = 0, tal que,(

ωT xi + b
)
yi = 1.

Si ξi > 0, entonces βi = 0 y por lo tanto αi = C
m . Por lo tanto:

b =
1

|SV ∗|
(
yi −

∑
i∈SV ∗

yi − ωT xi
)
,

donde SV ∗ es el conjunto de ı́ndices tales que 0 < αi < C/m.
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Máquina de vectores de soporte

Entrenamiento

máx
α∈Rm

LD(α) =
m∑
i=1

αi −
1

2

m∑
i=1

m∑
j=1

αiαjyiyj〈xi , xj〉,

bajo 0 ≤ αi ≤ C
m , para i = 1, . . . ,m.

Reconocimiento

ŷ = sign
( ∑
i∈SV

αiyi 〈xi , x〉+ b
)

¡Tanto el aprendizaje como el reconocimiento dependen solamente en el
producto interno entre vectores!
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El truco del kernel: el problema de la Xor
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El truco del kernel: el problema de la Xor
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Clasificadores polinomiales

Sea Cd : Rn → RNC donde las entrada de Cd(x) son todos los
posibles productos ordenados de grado d de x .

Sea θ : Rn → RNθ los productos no ordenados de grado d , tal que
〈Cd(x),Cd(x ′)〉 = 〈θ(x), θ(x ′)〉. Por ejemplo

C2([x1, x2]T ) = [x2
1 , x

2
2 , x1x2, x2x1]T ,

θ([x1, x2]T ) = [x2
1 , x

2
2 ,
√

2x1x2]T .

Un clasificador polinomial realiza una transformación del espacio de
entrada a un espacio de caracteŕısticas de mayor dimensión,
esperando encontrar una separación lineal en el nuevo espacio.

Se pueden aplicar otro tipo de transformaciones y utilizar un
clasificador lineal en el espacio de caracteŕısticas.
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La maldición de la dimensionalidad

¿Cual es la dimensión del nuevo espacio de caracteŕısticas?

Nθ =

(
d + n − 1

d

)
=

d + n − 1

d!(n − 1)!)

Ejemplo:

Reconocimiento de caracteres escritos a mano, en forma de mapa de
bits de 16× 16 (256 atributos).

Si se considera una transformación θ5, Nθ ≈ 1010.

¡El problema no es tratable!

J. Waissman (UNISON) SVM SCSE 2010 21 / 29



El truco de las funciones kernel

Para entrenar y utilizar un clasificado con SVM, solamente se requiere
poder calcular el producto interno 〈θd(x), θdx ′〉. Si se define k : Rn → R

tal que

k(x , x ′) = 〈θd(x), θdx ′〉 = 〈Cd(x ′),Cdx ′〉

=
n∑

j1=1

· · ·
n∑

jd=1

xj1 . . . xjd x ′j1 . . . x
′
jd

=
n∑

j1=1

xj1x ′j1 · · ·
n∑

j1=1

xjd x ′jd

=

 n∑
j=1

xjx
′
j

d

= 〈x , x ′〉d
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Funciones kernel

Dada una función k : X2 → R, y un conjunto XT = {x1, . . . , xm},
xi ∈ X, la matriz K de dimensión m ×m con elementos:

Kij = k(xi , xj)

se conoce como Matriz de Gram (o matriz de kernel) generada por k
respecto a XT .

Sea X un conjunto no vaćıo, la función k : X2 → R la cual, para todo
m ∈ N y para todo conjunto XT = {x1, . . . , xm} genera una matriz de
Gram K simétrica definida positiva es llamado un kernel real definido
positivo, o simplemente kernel.
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Propiedades de las funciones kernel

k(x , x) ≥ 0 para todo x ∈ X

k(x , x ′) = k(x ′, x)

|k(x , x ′)| ≤ k(x , x ′)k(x ′, x)
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Resultado interesante

Una función kernel k : X2 → R es un producto interno en al menos un
espacio de caracteŕısticas.

Sea θ : X→ {f : X→ R} tal que θ(x)(·) = k(x , ·).

Se genera un espacio vectorial con la imagen de θ:

f (·) =
m∑
i=1

αik(·, xi ), m ∈ N, αi ∈ R, xi ∈ X,

g(·) =
m′∑
j=1

βjk(·, x ′j), m′ ∈ N, βj ∈ R, x ′j ∈ X,
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Resultado interesante

Se define un producto interno:

〈f , g〉 :=
m∑
i=1

m′∑
j=1

αiβjk(xi , xj)

Para demostrar que 〈f , g〉 es un producto interno:

〈f , g〉 =
m′∑
j=1

βj f (x ′j) =
m∑
i=1

αig(xi ),

〈f , g〉 =
m∑

i ,j=1

αiαjk(xi , xj) ≥ 0,

f (x) = 〈f , k(·, x)〉,
|f (x)|2 = |〈f , k(·, x)〉|2 ≤ 〈f , f 〉k(x , x)

por lo que el producto interno es bilineal, simétrico, definido positivo
y 〈f , f 〉 implica f = 0.
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Función kernel como producto interno

Por lo tanto:

k(x , x ′) = 〈k(·, x), k(·, x ′)〉 = 〈θ(x), θ(x ′)〉

Principales funciones kernel utilizadas:

Polinomial: k(x , x ′) = 〈x , x ′〉d ,

Polinomial no homogeneo: k(x , x ′) = (〈x , x ′〉+ c)d ,

Gaussiano: k(x , x ′) = exp
(
−‖x−x ′‖2

2σ2

)
,

Sigmoide: k(x , x ′) = tanh(κ〈x , x ′〉+ ν).
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Ejemplo
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(i.e., also for the nonlinear case described below). The analogy emphasizes the interesting
point that the “most important” data points are the support vectors with highest values of
α, since they exert the highest forces on the decision sheet. For the non-separable case, the
upper bound αi ≤ C corresponds to an upper bound on the force any given point is allowed
to exert on the sheet. This analogy also provides a reason (as good as any other) to call
these particular vectors “support vectors”10.

3.7. Examples by Pictures

Figure 7 shows two examples of a two-class pattern recognition problem, one separable and
one not. The two classes are denoted by circles and disks respectively. Support vectors are
identified with an extra circle. The error in the non-separable case is identified with a cross.
The reader is invited to use Lucent’s SVM Applet (Burges, Knirsch and Haratsch, 1996) to
experiment and create pictures like these (if possible, try using 16 or 24 bit color).

Figure 7. The linear case, separable (left) and not (right). The background colour shows the shape of the
decision surface.

4. Nonlinear Support Vector Machines

How can the above methods be generalized to the case where the decision function11 is not
a linear function of the data? (Boser, Guyon and Vapnik, 1992), showed that a rather old
trick (Aizerman, 1964) can be used to accomplish this in an astonishingly straightforward
way. First notice that the only way in which the data appears in the training problem, Eqs.
(43) - (45), is in the form of dot products, xi · xj . Now suppose we first mapped the data
to some other (possibly infinite dimensional) Euclidean space H, using a mapping which we
will call Φ:

Φ : Rd "→ H. (59)

Then of course the training algorithm would only depend on the data through dot products
in H, i.e. on functions of the form Φ(xi) · Φ(xj). Now if there were a “kernel function” K
such that K(xi,xj) = Φ(xi) ·Φ(xj), we would only need to use K in the training algorithm,
and would never need to explicitly even know what Φ is. One example is
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Ejemplo
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4.3. Some Examples of Nonlinear SVMs

The first kernels investigated for the pattern recognition problem were the following:

K(x,y) = (x · y + 1)p (74)

K(x,y) = e−‖x−y‖2/2σ2

(75)

K(x,y) = tanh(κx · y − δ) (76)

Eq. (74) results in a classifier that is a polynomial of degree p in the data; Eq. (75) gives
a Gaussian radial basis function classifier, and Eq. (76) gives a particular kind of two-layer
sigmoidal neural network. For the RBF case, the number of centers (NS in Eq. (61)),
the centers themselves (the si), the weights (αi), and the threshold (b) are all produced
automatically by the SVM training and give excellent results compared to classical RBFs,
for the case of Gaussian RBFs (Schölkopf et al, 1997). For the neural network case, the
first layer consists of NS sets of weights, each set consisting of dL (the dimension of the
data) weights, and the second layer consists of NS weights (the αi), so that an evaluation
simply requires taking a weighted sum of sigmoids, themselves evaluated on dot products of
the test data with the support vectors. Thus for the neural network case, the architecture
(number of weights) is determined by SVM training.

Note, however, that the hyperbolic tangent kernel only satisfies Mercer’s condition for
certain values of the parameters κ and δ (and of the data ‖x‖2). This was first noticed
experimentally (Vapnik, 1995); however some necessary conditions on these parameters for
positivity are now known14.

Figure 9 shows results for the same pattern recognition problem as that shown in Figure
7, but where the kernel was chosen to be a cubic polynomial. Notice that, even though
the number of degrees of freedom is higher, for the linearly separable case (left panel), the
solution is roughly linear, indicating that the capacity is being controlled; and that the
linearly non-separable case (right panel) has become separable.

Figure 9. Degree 3 polynomial kernel. The background colour shows the shape of the decision surface.

Finally, note that although the SVM classifiers described above are binary classifiers, they
are easily combined to handle the multiclass case. A simple, effective combination trains
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... y esto fue todo por hoy!

Muchas gracias por su atención
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